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Abstract

We study positive-unlabeled data under selected-at-random labeling when
no valid instrument is available. We first show that, in this environment, the
latent labeling rule and the posterior class probability are not point identified
from the observables. We then shift attention from the unidentified latent
probability itself to a finite-dimensional latent-class moment target and prove
that this target is sharply set identified under a simple positivity bound.
Our main result characterizes the exact identified region as a convex set
generated by admissible inverse-selection weights and shows that this region
depends only on the observable regression. We further derive a support-
function representation of the identified set, which delivers sharp bounds on
latent prevalence and, for suitable choices of the moment transformation, on
positive-class feature means. Finally, we provide a simulation to demonstrate
the effectiveness of our method.
Keywords: positive-unlabeled learning, partial identification,
selected-at-random labeling, sharp identified set, support function, latent
moments
JEL: C14, C21, C51, C63

1. Introduction

Positive-unlabeled (PU) data arise when positive cases can be verified but
reliable negative labels are unavailable, so the observed sample consists of
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confirmed positives and a larger unlabeled pool that mixes true negatives with
unverified positives (Bekker and Davis, 2020; Liu et al., 2025). This setting
appears in medical diagnosis, disease-gene identification, text classification,
web-page classification, and related applications (Bekker and Davis, 2020).
Under selected-completely-at-random (SCAR) labeling, existing methods can
recover class probabilities, estimate class proportions, or construct classi-
fication rules using reweighting arguments (du Plessis et al., 2017; Bekker
and Davis, 2020). More recent work allows selected-at-random (SAR) or
instance-dependent labeling, so the probability that a positive unit is labeled
may depend on observables (Gong et al., 2022; Coudray et al., 2023; Liu
et al., 2025). Once SAR labeling is allowed, however, identification becomes
substantially harder in the absence of excluded variation that separates the
labeling rule from the latent class probability (Coudray et al., 2023; Liu et al.,
2025).

This note studies the no-instrument SAR-PU case. Let X denote observed
features, let S ∈ {0, 1} denote the observed positive label, and let Y ∗ ∈ {0, 1}
denote the latent class. The data reveal only

m(X) = Pr(S = 1 | X) = e(X)p∗(X), (1)

where e(X) = Pr(S = 1 | Y ∗ = 1, X) is the labeling probability for latent
positives and p∗(X) = Pr(Y ∗ = 1 | X) is the latent positive probability.
Without an instrument that shifts e(X) independently of p∗(X), the pair
(e, p∗) is not point identified. The problem is therefore one of genuine underi-
dentification, closely related to econometric work on contaminated controls,
outcome misclassification, and latent binary outcomes (Lancaster and Imbens,
1996; Lewbel, 2000; Meyer and Mittag, 2017).

Rather than trying to recover the full latent posterior p∗(X), we study a
lower-dimensional target. For a known transformation T (X) ∈ Rk, define

λP = E[T (X)1{Y ∗ = 1}],

the unnormalized positive-class moment. This object is economically useful.
When T (X) = 1, λP is latent prevalence. When T (X) = (1, X), the identified
set jointly bounds prevalence and positive-class first moments, and therefore
positive-class feature means. The question addressed in this note is there-
fore: what do no-instrument SAR-PU data identify about such latent-class
moments?

In this note, we show that, Under no false positives, SAR labeling, and a
positivity bound e(X) ≥ e > 0, λP is sharply set identified. The identified
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set is convex and depends only on the observable regression m(X). We show
that the support function can be used to characterize this set exactly and to
compute it in practice. We then propose a simple implementation and use
simulation evidence to demonstrate the effectiveness of the method.

2. Sharp identified set

[Table 1 about here]

Table 1 summarizes the main notation used in the remainder of the note.
We continue to observe (X,S), where S = 1 means that an observation is
labeled positive and Y ∗ ∈ {0, 1} denotes the latent class. Throughout this
section, we maintain three assumptions: no false positives, selected-at-random
(SAR) labeling, and a positivity bound. Formally,

Pr(S = 1 | Y ∗ = 0, X) = 0,

Pr(S = 1 | Y ∗ = 1, X) = e(X),

e(X) ≥ e > 0.

These restrictions imply

m(X) = Pr(S = 1 | X) = e(X)p∗(X),

where p∗(X) = Pr(Y ∗ = 1 | X).

Proposition 1. Without an instrument or another exclusion-type restriction,
(e(·), p∗(·)) is not point identified from the joint distribution of (X,S).

The argument is immediate. Choose any measurable ẽ(X) such that

max{e,m(X)} ≤ ẽ(X) ≤ 1.

Then
p̃∗(X) =

m(X)

ẽ(X)

lies in [0, 1] and reproduces the same observables. Hence infinitely many
latent decompositions are observationally equivalent, so point identification
fails.
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Because the full latent pair (e, p∗) is not point identified, we turn to the
latent positive-class moment

λP = E[T (X)1{Y ∗ = 1}].

Define the inverse-selection weight

w(X) =
1

e(X)
.

Then the maintained assumptions imply the deterministic bounds

1 ≤ w(X) ≤ w̄(X) := min
{
e−1,m(X)−1

}
.

Using no false positives and SAR labeling, the latent moment can be rewritten
in observable form as

λP = E[S w(X)T (X)]. (2)

Thus λP is pinned down by observables and an unknown weight function that
is only interval identified.

Theorem 1. Under no false positives, SAR labeling, and the positivity bound
e(X) ≥ e > 0, the sharp identified set for λP is

LP = {E[S w(X)T (X)] : 1 ≤ w(X) ≤ w̄(X) almost surely} . (3)

The set is nonempty and convex. Moreover, for any λ ∈ LP , there exists an
observationally equivalent SAR-PU model that attains it.

Appendix A proves nonemptiness, convexity, and sharpness. The key idea
behind sharpness is constructive. For any admissible weight w, define

ew(X) =
1

w(X)
, pw(X) = m(X)w(X).

These objects satisfy
ew(X)pw(X) = m(X),

so they reproduce the observed distribution of (X,S). At the same time, they
generate the latent moment

E[S w(X)T (X)].
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Thus LP is not merely an outer bound; it is the exact region implied by the
data and the maintained assumptions.

This distinction matters conceptually. The no-instrument SAR-PU prob-
lem is not simply a weak-information problem around a point-identified target.
The data are compatible with a continuum of latent SAR structures, so the
natural inferential object is a set. The gain from focusing on λP is that
this lower-dimensional target survives the missing-label problem and remains
economically interpretable.

Because LP is convex, it can be characterized by its support function, as in
the literature on convex identified sets and support-function-based inference
(Beresteanu et al., 2011; Kaido, 2016). For any direction vector q ∈ Rk, define

hP (q) = sup
λ∈LP

q⊤λ.

The support function is especially convenient here because the maximization
problem is linear in the admissible weight w(X), while the constraint 1 ≤
w(X) ≤ w̄(X) is pointwise. Hence, for each direction q, the maximizing
weight sets w(X) equal to its upper bound when q⊤T (X) ≥ 0, and to its
lower bound otherwise. This yields

hP (q) = E

([
min

{
m(X)

e
, 1

}
1{q⊤T (X) ≥ 0}

+m(X)1{q⊤T (X) < 0}

]
q⊤T (X)

)
. (4)

Equation (4) depends only on the observable regression m(X), not on the
latent pair (e, p∗). It therefore provides both a sharp characterization of the
identified set and a direct route to computation (Beresteanu et al., 2011;
Kaido, 2016; Canay and Shaikh, 2017).

Corollary 1. If prevalence π = Pr(Y ∗ = 1) is known, then the negative-class
moment

ηN = E[T (X) | Y ∗ = 0]

is sharply identified through the affine transformation

ηN =
E[T (X)]− λP

1− π
.

Hence the sharp identified set for ηN is the affine image of LP (Beresteanu
et al., 2012; Kline and Tamer, 2023)
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3. A simple implementation

The identified-set result in Section 2 admits a direct sample implemen-
tation. For an i.i.d. sample {(Xi, Si)}ni=1, let m̂i be a cross-fitted estimator
of the observable regression m(Xi), and define the estimated upper weight
bound

ˆ̄wi = min{e−1, m̂−1
i }.

A natural raw sample analogue of (3) is

L̂raw
P,n =

{
1

n

n∑
i=1

SiwiT (Xi) : 1 ≤ wi ≤ ˆ̄wi

}
.

This raw set is useful for geometric summaries and visualization because it
provides a direct plug-in approximation to the identified region. However, it
is not itself a confidence procedure.

For formal inference, it is more convenient to work with the support-
function representation in (4). To turn that representation into a practical
estimator that is less sensitive to first-stage error, define

ρq(x,m) =

[
min

{
m

e
, 1

}
1{q⊤T (x) ≥ 0}+m1{q⊤T (x) < 0}

]
q⊤T (x),

and

ρ̇q(x,m) =
[
e−11{m < e, q⊤T (x) ≥ 0}+ 1{q⊤T (x) < 0}

]
q⊤T (x).

The resulting orthogonal support-function estimator is

ȟn(q) =
1

n

n∑
i=1

[ρq(Xi, m̂i) + ρ̇q(Xi, m̂i){Si − m̂i}] . (5)

This estimator provides a practical way to evaluate the support function of
the identified set using only the observable regression and sample data.

Let QM = {q1, . . . , qM} ⊂ Rk be a finite direction grid, and let α ∈ (0, 1)
be a nominal level. A (1− α) confidence region is

Ĉ1−α =
⋂

q∈QM

{
λ : q⊤λ ≤ ȟn(q) + ĉ1−α/

√
n
}
,

where ĉ1−α is the estimated (1− α) quantile of the multiplier-bootstrap ap-
proximation to the support-function process. This finite-grid implementation
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follows the standard support-function logic for inference in partially identified
models (Kaido, 2016).

To illustrate the method, we report evidence from a Monte Carlo sim-
ulation. Because the latent class Y ∗ is generated by the data-generating
process, simulation provides two useful benchmarks that are unavailable in
real PU data: the true latent moment and the oracle identified set obtained
by replacing m̂i with the true regression m(Xi).

Table 2 reports the baseline design with n = 12,000, 5 cross-fitting folds,
e = 0.15, and 399 multiplier-bootstrap draws. The raw set tracks the oracle
identified region closely on average, but it is not a valid confidence procedure:
the true latent moment lies in it in 93.3% of replications. The bootstrap
region is deliberately wider, and in the reported replications it contains both
the true latent moment and the oracle set throughout.

[Table 2 about here]

Figure 1 shows a representative replication from the baseline design. The
raw set lies close to the oracle set, while the confidence region expands to
absorb first-stage and sampling uncertainty.

[Figure 1 about here]

Figure 2 reports the sensitivity exercise over e. As the positivity lower
bound rises from 0.10 to 0.40, the mean raw area falls from 0.232 to 0.069,
and the mean upper-bound weight falls from 5.42 to 2.42. Thus the identified
region tightens only when the maintained identifying restriction becomes
more informative.

[Figure 2 about here]

In practice, e may be motivated by institutional knowledge about mini-
mum revelation rates, or treated as a sensitivity parameter in the spirit of
partial-identification analysis more broadly (Kline and Tamer, 2023). The
simulation evidence shows that this single restriction has a transparent effect
on identification strength: weaker lower bounds permit larger inverse-selection
weights and therefore wider latent-moment regions.
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4. Conclusion

This note asks what no-instrument SAR-PU data identify. We show that
the latent labeling rule and latent class probability are not point identified
from (X,S) alone, but positive-class moments remain sharply set identified
under no false positives, SAR labeling, and a simple positivity bound. When
T (X) = 1, this yields sharp bounds on latent prevalence; when T (X) = (1, X),
it yields sharp bounds on prevalence and positive-class feature means.

The identified region is convex and admits a support-function representa-
tion based only on the observable regression m(X). This leads to a simple
implementation based on cross-fitting and bootstrap confidence regions. Simu-
lation evidence shows that the identified region widens when labeling becomes
less informative and tightens when the positivity restriction becomes stronger.

The broader implication is that the no-instrument SAR-PU problem
should be treated as a partial-identification problem. Rather than forcing
point recovery where the data do not support it, the note characterizes exactly
which latent-class moments remain identified (Gong et al., 2022; Coudray
et al., 2023; Liu et al., 2025).
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Table 1: Main notation
Symbol Definition

Core model and identification
X Observed feature vector
Y ∗ Latent positive-class indicator
S Observed positive label
n Sample size
k Dimension of the moment transformation
m(X) Observable regression Pr(S = 1 | X)
e(X) Labeling probability for latent positives
p∗(X) Latent class probability Pr(Y ∗ = 1 | X)
T (X) User-chosen moment transformation
e Positivity lower bound on e(X)
w(X) Inverse-selection weight 1/e(X)
w̄(X) Upper weight bound min{e−1,m(X)−1}
λP Positive-class moment E[T (X)1{Y ∗ = 1}]
π Latent prevalence Pr(Y ∗ = 1)
q Direction vector in Rk

hP (q) Support function of LP in direction q
ηN Negative-class mean (E[T (X)]− λP )/(1− π) when π is

known
LP Sharp identified set for λP

Implementation and inference
m̂i Cross-fitted estimator of m(Xi)
ˆ̄wi Estimated upper weight bound min{e−1, m̂−1

i }
L̂raw
P,n Raw sample analogue of the sharp identified set

ρq(x,m) Direction-specific support-function integrand
ρ̇q(x,m) Influence-adjustment term for the orthogonal estimator
ȟn(q) Orthogonal support-function estimator
QM Finite direction grid used in computation and inference
α Nominal significance level
ĉ1−α Bootstrap critical value for support-function inference
Ĉ1−α Bootstrap confidence region for the identified set
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Table 2: Baseline Monte Carlo summary

Statistic Value

Raw point containment 0.933
Confidence-set point coverage 1.000
Confidence-set region coverage 1.000
Mean raw area 0.209
Mean oracle area 0.222
Mean confidence-region area 0.310
Corr(m̂,m) 0.675
Mean w̄(X) 4.836

Notes: Based on 30 Monte Carlo repetitions
under the baseline SAR-PU design reported in
the original draft. Because the latent class Y ∗

is generated in simulation, both the true latent
moment and the oracle set are known benchmarks.
The oracle set replaces m̂i with the true regression
m(Xi). Raw point containment is the share of
replications in which the true latent moment lies
in L̂raw

P,n. Confidence-set point coverage is the
share of replications in which the true latent
moment lies in the bootstrap confidence region.
Confidence-set region coverage is the share of
replications in which the oracle set is contained
in the bootstrap confidence region. Corr(m̂,m)
is the correlation between estimated and true
regression values, and Mean w̄(X) is the average
upper-bound weight. The confidence region is
computed from the orthogonal support-function
estimator with a multiplier bootstrap.
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Figure 1: Representative identified-set geometry. The dashed polygon is the oracle set,
the filled darker region is the raw estimated set, and the lighter envelope is the bootstrap
confidence region. The star marks the true latent moment.
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inverse-selection weights and shrinks the identified region. Values are drawn from the
reported sensitivity exercise in the Monte Carlo study.
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Appendix A. Appendix: Proofs and Simulation Details

Throughout this appendix, all expectations are assumed finite so that
λP and the support function hP (q) are well defined. This appendix provides
proofs of Proposition 1, Theorem 1, Corollary 1, and the support-function
formula, and then records the main simulation design used in the note.

Appendix A.1. Proof of Proposition 1
Proof. Recall that the observables satisfy

m(X) = e(X)p∗(X) a.s.

under the maintained assumptions. To show failure of point identification, fix
any measurable function ẽ(X) such that

max{e,m(X)} ≤ ẽ(X) ≤ 1 a.s.

and define
p̃∗(X) =

m(X)

ẽ(X)
.

Because ẽ(X) ≥ m(X), it follows that p̃∗(X) ∈ [0, 1] almost surely. Moreover,

ẽ(X)p̃∗(X) = m(X) = Pr(S = 1 | X).

Hence the pair (ẽ, p̃∗) generates exactly the same observables as the true
latent pair (e, p∗). Since there are infinitely many admissible choices of ẽ,
point identification fails.
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Appendix A.2. Proof of Theorem 1
Proof. We verify nonemptiness, convexity, and sharpness in turn.

Step 1: Nonemptiness and inclusion of the true moment.. Let

w0(X) =
1

e(X)

denote the true inverse-selection weight. Since e(X) ∈ [e, 1] and

m(X) = e(X)p∗(X) ≤ e(X),

we have
1 ≤ w0(X) ≤ min{e−1,m(X)−1} = w̄(X).

Thus w0 is admissible. Under no false positives and SAR labeling,

E

[
S

e(X)
T (X)

∣∣∣∣X, Y ∗
]
= Y ∗T (X).

Taking expectations gives

λP = E[T (X)1{Y ∗ = 1}] = E[S w0(X)T (X)] ∈ LP .

Therefore LP is nonempty and contains the true latent moment.

Step 2: Convexity.. Take any λ1, λ2 ∈ LP . By definition, there exist admissi-
ble weights w1 and w2 such that

λj = E[S wj(X)T (X)], j = 1, 2.

For any a ∈ [0, 1], define

wa(X) = aw1(X) + (1− a)w2(X).

Because the admissible weight class is determined by pointwise interval
restrictions,

1 ≤ wa(X) ≤ w̄(X) a.s.

Hence wa is admissible, and

aλ1 + (1− a)λ2 = E[S wa(X)T (X)] ∈ LP .

Therefore LP is convex.
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Step 3: Sharpness.. Take any admissible w in (3). Define

ew(X) =
1

w(X)
, pw(X) = m(X)w(X).

Because 1 ≤ w(X) ≤ w̄(X), we have

ew(X) ∈ (0, 1], pw(X) ∈ [0, 1].

Thus ew and pw define valid conditional probabilities.
Now construct a latent variable Y ∗

w ∈ {0, 1} such that

Pr(Y ∗
w = 1 | X) = pw(X),

and define the observed label rule by

Pr(S = 1 | Y ∗
w = 1, X) = ew(X), Pr(S = 1 | Y ∗

w = 0, X) = 0.

Then
Pr(S = 1 | X) = ew(X)pw(X) = m(X),

so the constructed model is observationally equivalent to the original one.
Its implied positive-class moment is

E[T (X)1{Y ∗
w = 1}] = E[pw(X)T (X)]

= E[m(X)w(X)T (X)]

= E[S w(X)T (X)].

Therefore every element of LP is attainable under some observationally
equivalent SAR-PU model. This proves sharpness.

Appendix A.3. Proof of Corollary 1
Proof. If prevalence π = Pr(Y ∗ = 1) is known, then

E[T (X)] = πE[T (X) | Y ∗ = 1] + (1− π)E[T (X) | Y ∗ = 0].

Using the definitions of λP and ηN ,

E[T (X)] = λP + (1− π)ηN .

Solving for ηN gives

ηN =
E[T (X)]− λP

1− π
.

Hence the sharp identified set for ηN is the affine image of LP .
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Appendix A.4. Derivation of the support-function formula
For any q ∈ Rk, define the support function

hP (q) = sup
λ∈LP

q⊤λ.

Using the representation in (3),

hP (q) = sup
1≤w≤w̄

E[S w(X) q⊤T (X)].

By iterated expectations,

E[S w(X) q⊤T (X)] = E[m(X)w(X)q⊤T (X)].

Because the admissible restriction on w is pointwise and the objective
is linear in w, the maximization can be solved pointwise. The maximizing
weight is therefore

wq(X) = w̄(X)1{q⊤T (X) ≥ 0}+ 1{q⊤T (X) < 0}.

This function is measurable and admissible. Substituting it into the objective
yields

hP (q) = E
(
m(X)w̄(X)1{q⊤T (X) ≥ 0}q⊤T (X)

+m(X)1{q⊤T (X) < 0}q⊤T (X)
)
.

Finally, since
w̄(X) = min{e−1,m(X)−1},

we have
m(X)w̄(X) = min

{
m(X)

e
, 1

}
.

Substituting this identity yields equation (4).

Appendix A.5. Simulation design
The baseline design in the simulations sets

n = 12,000, d = 2, e = 0.15,
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and uses a two-dimensional moment transformation T (X), five-fold cross-
fitting, and 399 multiplier-bootstrap draws. The data-generating process is
logistic in both the latent positive probability and the labeling rule. Figure 1
reports a representative replication from this baseline design. Figure 2 reports
the sensitivity exercise over

e ∈ {0.10, 0.15, 0.25, 0.40}.

These simulations are used to compare the raw identified set, the oracle
identified set, and the bootstrap confidence region, and to illustrate how
identification strength changes with the positivity lower bound.
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